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ABSTRACT

This paper explored the applications of spherical trigonometry in modern marine
navigation systems. The purpose is to determine the relevance of spherical trigonometry
and technology-based marine navigation and to bridge the theoretical knowledge with
real-world applications. The study employed the descriptive and qualitative approach in
reviewing the real-world applications in the introduction of advanced technological tools
in navigation. The result indicated spherical trigonometry in practical celestial
navigation, circle sailing, time calculation, and course-plotting. It was also from the
review that spherical trigonometry enhances the accuracy of celestial navigation, the
efficiency of great circle sailing, and aids the integration of modern technology. It
recommends that maritime training institutions ensure trainee navigators receive an
adequate theoretical and practical understanding of the principles of spherical
trigonometry.

Keywords: Spherical Trigonometry, Marine Navigation, Nautical Astronomy, great
circle sailing, Celestial Navigation, Electronic Navigation Systems

INTRODUCTION
Spherical trigonometry is a branch of mathematics that deals with the relationships

between angles and sides of spherical polygons. It is a branch of mathematics devoted
explicitly to the [study of the] relationship between the sides and angles of [spherical]
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triangles (Palen, 2020). Spherical trigonometry also deals with the relationships between
angles and distances on the surface of a sphere, in this context, the Earth. Its applications
in determining positions, plotting courses, and navigating large distances over the Earth's
surface have been fundamental to developing navigation techniques. According to
Llewellyn (2020), navigation is the process or method of determining the path and
distances the ship will follow on a voyage. Marine navigation is the art and science of
determining a vessel's position and course to safely and efficiently travel from one
location to another.

Marine navigation has evolved significantly over the centuries, with
advancements in technology and mathematics playing a pivotal role in enhancing the
safety and efficiency of maritime travel. The most critical mathematical discipline used
in this field is spherical trigonometry. The Earth is approximately spherical; spherical
trigonometry provides the necessary tools for navigators to determine their positions, plot
courses, and calculate distances accurately. This article provides a comprehensive review
of the applications of spherical trigonometry in marine navigation, from historical
development to modern technological integration.

The historical development of spherical trigonometry dates back to ancient
civilizations when early astronomers and mathematicians began to understand the
curvature of the Earth and its implications for navigation (Toomer, 1984). Early
navigators like Ptolemy and Islamic scholars such as Al-Biruni contributed significantly
to the field. Spherical trigonometry has long been a foundational tool in navigation
(Bowditch, 2017). It allows navigators to solve for unknown angles and distances on the
Earth's surface, facilitating accurate route plotting and position determination (Nautical
Almanac Office, 2021).

To apply spherical trigonometry in navigation dates back to early explorers, with
advancements enhancing precision and reliability in modern navigation (Wright, 2019).
Navigators such as Vasco da Gama and Ferdinand Magellan utilized these principles to
explore and chart new maritime routes (Aitchison, 2008). These early contributors paved
the way for the sophisticated navigation techniques used today. Spherical trigonometry
remains indispensable in marine navigation, underpinning various navigational
techniques and calculations (Bowditch, 2002; Norie, 2013). Early works by astronomers
such as Ptolemy laid the foundation for understanding spherical geometry and its
navigational applications (Toomer, 1984). Ptolemy's "Almagest” provided a
comprehensive mathematical framework for celestial navigation, emphasizing the
importance of spherical angles and their relationships in locating celestial bodies.

In the 18th and 19th centuries, advancements in celestial navigation and the
development of accurate timekeeping devices further enhanced the practical use of
spherical trigonometry in navigation (Sobel, 1995). The introduction of the marine
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chronometer by John Harrison revolutionized long-distance sea travel by allowing
navigators to determine longitude accurately, which was previously a significant
challenge. This period also saw the development of nautical almanacs, which provided
essential astronomical data for navigators (Sobel, 1995).

Moreover, the importance of spherical trigonometry in aviation and space
navigation has also been acknowledged, with techniques developed for marine
navigation in these fields (Kaplan, 2005). This interdisciplinary application underscores
versatility and endures the relevance of spherical trigonometry in navigation. Spherical
trigonometry has been and is still relevant in solving marine navigation problems. This
mathematical discipline is essential for solving problems related to Celestial navigation,
Great-Circle sailing, and position fixing on the Earth's surface.

In celestial navigation, mariners use spherical trigonometric formulas such as the
sine and cosine rules, which help solve the spherical triangle formed by the cosmic body,
the zenith, and the observer's position (Snyder, 2020). For instance, the altitude and
azimuth of a star, when measured using a sextant and a compass, respectively, are related
through spherical trigonometric relationships, allowing navigators to determine their
latitude and longitude after consulting nautical almanacs and applying sight reduction
procedures (Burch, 2018).

Spherical trigonometry has also played a role in facilitating Great-Circle sailing.
It is sailing along the shortest path between two points on a sphere. The method is
essential for long-distance marine voyages as it minimizes travel distance and time. The
Great-Circle route calculated as spherical trigonometric equations involves the radii of
the Earth and the angular distance between two points (Vanicek & Krakiwsky, 1986). It
requires precise calculations using spherical trigonometry to determine intermediate
waypoints along the Great Circle (Bowditch, 2017).

Another critical application of spherical trigonometry in marine navigation is
position fixing, which involves determining the exact location of a vessel. It is typically
done by taking multiple bearings of known landmarks or celestial bodies and plotting
them on a nautical chart. The intersection of these lines, calculated through spherical
trigonometric principles, gives the navigator's location (Perryman, 2018). Modern
advancements, such as the Global Positioning System (GPS), still rely on the
foundational principles of spherical trigonometry. Although the computations are now
performed by sophisticated algorithms, the underlying mathematical relationships
remain the same (Hofmann-Wellenhof, Lichtenegger, & Collins, 2001).

Recent studies have focused on integrating spherical trigonometry with modern
navigation technologies, such as GPS and electronic chart systems (Hofmann-Wellenhof,
Lichtenegger, & Collins, 2001). The GPS technology relies on satellite signals and has
significantly improved accurate position fixing. The underlying principles of spherical
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trigonometry remain essential for understanding and interpreting the data provided by
these systems. Integrating traditional navigation techniques with modern technology
ensures redundancy and increases reliability in marine navigation.

Despite these advancements, there remain gaps in the literature, particularly
concerning the practical challenges of the navigators in applying spherical trigonometry
in real-world scenarios. These challenges include the effects of atmospheric refraction
on celestial observations, the accuracy of timekeeping devices, and the need for
continuous training to maintain proficiency in traditional navigation techniques
(Bowditch, 2002). The study addresses these gaps by providing a comprehensive
overview of the applications of spherical trigonometry in marine navigation, supported
by case studies and practical examples.

EMPIRICAL REVIEW

Many empirical studies have demonstrated the practical applications of spherical
trigonometry in marine navigation. A few of these applications and their benefits include:

1) Accuracy in Celestial Navigation: The issue of accuracy in measurements of
angles and distances is critical in navigation since small measurement errors can lead to
significant navigational errors (Bowditch, 2002). Smith and Jones (2015) show that
traditional celestial navigation using spherical trigonometry remains accurate within a
few nautical miles, emphasizing its reliability even today. An empirical comparative
study by Johnson and Davies (2012) for finding latitude and longitude showed that
results obtained by spherical trigonometric methods for celestial navigation are
consistent with GPS data, demonstrating their accuracy. This confirmed that spherical
trigonometry is still relevant in modern navigation, particularly for verification and
backup when technology fails.

2) Efficiency of Great Circle Routes: The application of spherical trigonometry made
it easy for navigators to compute great circle routes. These routes are more effective than
rhumb line sailing. A study by Lee et al. (2018) compared the efficiency of great circle
routes with rhumb line routes in transoceanic shipping. It was established that vessels
following Great Circle routes saved an average of 10% on fuel costs and reduced travel
time by approximately 8%, highlighting the economic and operational advantages. A
study by Smith and Harris (2008) to examine the accuracy of great circle navigation,
demonstrated that theoretical calculations using spherical trigonometry closely matched
practical navigational outcomes in controlled conditions. The study also showed that the
Great Circle route often occurred due to environmental factors not accounted for in
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spherical models (Smith & Harris, 2008). For instance, the Earth's atmosphere can bend
light, affecting the observed angles of celestial bodies, and making corrections for
refraction necessary for precise navigation (Kaplan, 2005). This has shown that spherical
trigonometry in navigation saves travel costs and time while maintaining accuracy.

3) Integration with Modern Technology. The principles of spherical trigonometry
have greatly enhanced the integration of modern technology in marine navigation. An
analysis by Green and Thompson (2020) on spherical trigonometry in modern Electronic
Chart Display and Information Systems (ECDIS) revealed that automated systems using
these principles significantly reduced navigational errors and enhanced route
optimization, improving overall maritime safety. Brown and Lee (2015) evaluated the
impact of spherical trigonometry on the accuracy of marine navigation by analyzing
navigational errors in series of maritime trials; found that the use of spherical
trigonometry provided accurate distance and bearing calculations, but the integration of
electronic systems improved overall navigational precision when used in conjunction.
While spherical trigonometry provides the mathematical foundation, modern navigation
relies on technologies such as GPS. However, understanding spherical trigonometry
remains essential for interpreting and verifying technological data (Hofmann-Wellenhof,
Lichtenegger, & Collins, 2001).

4) Modern Marine Navigation Training: Given the above, Williams & Anderson
(2017) have highlighted the importance of incorporating spherical trigonometry in
modern navigation training. They investigated the role of spherical trigonometry in
modern marine navigation training programs, which included surveys and interviews
with maritime instructors and students, concluding that spherical trigonometry is an
essential component of navigation training, providing a theoretical foundation for
practical skills (Williams & Anderson, 2017). This finding underscored the need for
spherical trigonometry in the curricula of maritime education and training, especially
navigation programmes.

The empirical studies reviewed demonstrate the continued relevance and
applications of spherical trigonometry in marine navigation, including the training of
navigators. While modern technologies like GPS provide significant advancements,
spherical trigonometry remains a fundamental tool for understanding and verifying
navigational calculations. These studies underscore the importance of integrating
traditional mathematical methods with contemporary technology to achieve accurate and
effective navigation. This review highlights the empirical evidence supporting the
practical applications of spherical trigonometry in marine navigation, illustrating its
enduring significance in both traditional and modern contexts.
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FUNDAMENTAL PRINCIPLES

The foundation for the applications of spherical trigonometry in marine navigation is
built on several key principles such as spherical geometry, spherical trigonometric laws,
and the coordinate system.

1. Spherical Geometry. Spherical geometry is a non-Euclidean geometry that
describes the properties and relations of points, lines, and shapes on the surface of a
sphere (Katz, 2009)). A sphere is a three-dimensional shape where all points on the
surface are equidistant from the centre. Great circles are the largest circles on a sphere,
representing the shortest path between two points (Bowditch, 2002). A triangle is
essential for understanding figures on the surface of a sphere. A spherical triangle is three
great circle arcs on the sphere. The principles of a spherical triangle solve navigational
problems. The sides of a spherical triangle are measured by the central angles subtended
by the arcs (Norie, 2013). Spherical triangle properties, precisely the sides and angles
used to solve various navigational problems relating to course and distance.

2. The Coordinate Systems. The coordinate system is the framework used to define the
position of a point or an object in a given space. Marine navigation uses the terrestrial
and celestial coordinate systems. The terrestrial coordinate system consists of latitude
and latitude as coordinates to determine positions on the Earth's surface or the sea. The
celestial coordinate system is used to specify the positions of objects in the sky. The
celestial coordinate system consists of the right ascension (RA) and declination, used in
celestial navigation to determine positions (Van Flandern & Pulkkinen, 1979). The right
ascension measures the angular distance of an object eastward along the celestial equator.
The declination measures the angular distance north or south of the celestial equator.

3. Spherical Trigonometric Laws: The applications of spherical trigonometry in
marine navigation are vested in its essential formulas such as the spherical sine rule,
cosine rule, and Napier’s rule, which aid navigators in solving for unknown angles and
distances. The Spherical Law of cosine relates the sides and angles of an oblique
spherical triangle, ABC is mathematically expressed as,
cosc = cosasinb + sinasinb cos C

Where, a, b and c are the sides and C the angle opposite side c. This can find the distance
between two points on the sphere (Murray, 2000 & Bowditch, 2002). The Spherical Law
of sine relates the ratios of the sine of the angles to the sine of the opposite sides. For any
oblique spherical triangle ABC, the ratios are stated as,
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Sin4 _ sin B _ sinC

sina sinb sinc

Where A, B, and C are the angles of the spherical triangle, and a, b, and c are the sides
opposite these angles (Durell, 1997 & Norie, 2013). The navigators can use this to find
angles and distances on the earth’s surface. Equally important is Napier’s Rules, which
simplifies the calculations of the sides and angles of a right-angled spherical triangle
ABC and is used to solve for unknown sides or angles (Ayres, 1954, Clough-Smith, 1978
& Bowditch, 2002) of oblique spherical triangles. These three fundamental principles
form the mathematical basis for the computational methods used in marine navigation.

METHOD

This paper employs a descriptive and qualitative methodology to explore the applications
of spherical trigonometry in marine navigation. The mathematical principles of spherical
trigonometry and a detailed examination of their use in various navigational techniques
are reviewed. Real-world examples and case studies are used to illustrate the practical
applications of these principles. The case studies involve real-life scenarios by maritime
navigators and the methods and outcomes of using spherical trigonometry for solving
navigational problems. The spherical law of sine and Napier's rules for right-angled
spherical triangles are discussed. These tools are essential for calculating angles and
distances on the Earth's surface and their applications in marine navigation.

Practical Applications in Marine Navigation

The fundamental principles listed and described above apply to many aspects of marine
navigation. Let us briefly summarize these applications in celestial navigation, great
circle sailing, and course-plotting.

1. Celestial Navigation:

Celestial navigation is a fundamental application of spherical trigonometry in marine
navigation. According to the Encyclopedia Britannica (2023), celestial navigation
determines one's position on the Earth's surface by observing celestial bodies such as the
Sun, Moon, stars, and planets. Celestial navigation uses spherical trigonometry to
calculate the position of celestial bodies and determine the navigator’s latitude and
longitude. It involves measuring the angles between these celestial objects and the
horizon using instruments like a sextant. By measuring the angles between these celestial
bodies and the horizon, and applying spherical trigonometric formulas, navigators can
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calculate their latitude and longitude. By measuring the altitude of a celestial body and

using the spherical law of sine and cosine, navigators can calculate their position relative

to the celestial body. The modified law of cosine used for this purpose is given as,
cos(Z) = sin(L)sin(d) + cos(L)cos(d)cos(H)

Where Z is the zenith distance, L is the latitude, d is the declination of the celestial

body, and H is the hour angle (Kaplan, 2005).

2. Great Circle Sailing:

Great circle sailing is another area of application. A great circle is the shortest path
between two points on the earth's surface. Great circle sailing simply means sailing along
a great circle track. Great circle sailing involves the solution of courses, distances, and
positions along a great circle (Mayank, 2020). Great circle sailing is used for long ocean
passages. Great circle sailing is another critical application of spherical trigonometry in
marine navigation. It is very important because navigating along a great circle route
minimizes the distance traveled, saving time and fuel. To calculate a great circle route,
navigators use spherical trigonometric formulas to determine the initial course and
distance between two points. The spherical law of cosine is used to calculate the central
angle between the two points. The modified spherical law of cosine used by navigators
to calculate the distance and the initial bearing of a vessel is given as,

cosd = sinL; sinL, + cos L, cos L, cosAA

Where d is the central angle, L, and L, are the latitudes of the two points, and
AA is the difference in their longitudes (Bowditch, 2002).

3. Course-Plotting:

Course-plotting involves determining the course to steer between two points on the
Earth's surface. According to NOAA (2021) and Navionics (2021), course-plotting
involves the meticulous process of charting a vessel's path to ensure efficiency and safety,
using both traditional and modern tools. This involves determining waypoints,
calculating bearings, and considering factors such as currents, wind, and potential
hazards. The traditional methods of course-plotting involve using a chart, parallel rulers,
dividers, and a compass to draw a course line from the starting point to the destination,
taking into account any necessary adjustments for magnetic variation and deviations
(Dutton, 2004). However modern methods often incorporate electronic chart display and
information systems (ECDIS), which provide real-time updates and automated plotting
features (Bowditch, 2002). This process requires the application of spherical
trigonometry to account for the curvature of the Earth. By using spherical trigonometric
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formulas, navigators can calculate the initial course angle and make necessary course
corrections along the way. Norie (2013) states that one common method for course-
plotting is to use the spherical law of sine, usually stated mathematically as

SinA _ sin B _ sinC

sina sinb sinc

Where, A, B, and C are the angles of a spherical triangle, and a, b, and c are the
corresponding sides of the modified form given as

sind  sin(l; — 1)
sinAl  sind

Where 6 is the initial course angle, A4 is the difference of the longitudes of two points,
l;, I, are the latitudes of two points and d is the angular distance (Norie, 2013).

These principles are applied through various navigational techniques to achieve
precise and efficient marine navigation solutions. The interrelationships between these
key principles create a very fruitful foundation for the application of spherical
trigonometry in marine navigation.

4. Time Calculation (local time):

Time calculation refers to the process of determining the time at which specific
navigational events occur, such as sunrise, sunset, and celestial observations (Time
calculation in marine navigation, 2024). This process is crucial for accurate positioning
and course-plotting. Spherical trigonometry also plays a role in calculating local time and
time differences in marine navigation. The Earth's rotation and the positions of celestial
bodies are used to determine local time, which is essential for accurate navigation. By
measuring the angle between a celestial body and the observer's meridian, navigators can
calculate local apparent time. The hour angle of a celestial body, which is derived using
spherical trigonometric formulas, is used in this calculation (Bowditch, 2002).

CASE STUDIES

This paper explored four applications of spherical trigonometry in marine navigation;
namely celestial navigation, great circle sailing, course-plotting, and time calculations.
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Case Study 1:

Navigating the Atlantic (celestial navigation): In the summer of 2019, a small research
vessel navigating the Atlantic Ocean relied on celestial navigation to maintain its course.
The crew measured the altitude of Polaris, the North Star, to determine their latitude. By
using the spherical law of cosine, they calculated their position and found they were on
course to reach their intended destination (Encyclopedia Britannica, 2023). Bowditch
(2002) demonstrated the calculation using the cosine law with the declination of Polaris
being approximately 89.3°, the crew's measurements and calculations confirmed that
their latitude was 45°N.

Case Study 2:

Trans-Pacific Voyage (Great Circle sailing): In 2020, a cargo ship planning a trans-
Pacific voyage from San Francisco to Tokyo utilized Great Circle sailing to optimize its
route. By calculating the central angle between the two ports and determining the initial
course angle using spherical trigonometry, the ship followed a path that minimized travel
distance. This method, commonly used in maritime navigation, ensures that vessels take
the shortest possible route over the curvature of the Earth, leading to significant fuel
savings and reduced travel time (FreighterTrips.com 2020, Transmate 2020,
VesselFinder 2020). The calculation for the central angle between San Francisco
(37.7749°N, 122.4194°W) and Tokyo (35.6895°N, 139.6917°E) using the stated cosine
law resulted in a central angle of approximately 48.34°, allowing the ship to plot a precise
and efficient course (Bowditch, 2002). This is spherical trigonometry in practice.

Case Study 3:

Coastal Navigation: During a coastal navigation exercise, a training vessel needed to
plot a course from Point A (34°N, 120°W) to Point B (36°N, 122°W). Using the spherical
law of sine, the navigator calculated the initial course angle and plotted the course. The
calculations involved determining the sides and angles of the spherical triangle formed
by the two points and a reference point on the equator.

By applying the spherical law of sine, the initial course angle from Point A to
Point B is approximately 2.3 degrees. The navigator ensured that the vessel stayed on the
correct course throughout the journey (Norie, 2013). It can be seen here that spherical
trigonometry is key in practical marine navigation.
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Case Study 4:

Determining Local Time in the Indian Ocean: Smith and Johnson (2021) explored the
application of spherical trigonometry for determining local apparent time during a
scientific expedition in the Indian Ocean. They focused on measuring the sun’s hour angle
at specific moments to accurately calculate the local time. The researchers employed
spherical trigonometric formulas to convert celestial observations into precise local time
readings. By measuring the hour angle of the sun at a specific moment, they determined
the local time accurately. The formula used was:

Hour Angle of the Sun
15°

Local Apparent Time =

The calculated hour angle of 45° indicated that it was 3 hours past local noon, allowing
the researchers to adjust their activities accordingly (Bowditch, 2002).

Case Study 5:

Determining Distance and Bearing: A vessel needs to determine the distance and
bearing from its current position (35.6895° N, 139.6917° E) to a destination (37.7749°N,
122.4194°W). Using spherical trigonometry, navigators calculate a distance of
approximately 4,572 nautical miles and an initial bearing of 60° west of north, ensuring
an accurate and efficient voyage plan. For example, a naval vessel conducting a long-
range mission requires precise navigation to avoid restricted areas. By calculating the
distance and bearing to its target location using spherical trigonometry, the ship's
navigators plotted a course that ensured compliance with international maritime
boundaries and optimized the route for fuel efficiency.

Case Study 6:

Triangulation for Coastal Navigation (Coastal Position Fixing): Triangulation
involves using spherical trigonometry to fix a vessel's position relative to known coastal
landmarks. By measuring the angles between these landmarks, navigators can accurately
determine their location on a nautical chart. For example, In 2022, a fishing vessel
operating near the coast of Alaska used triangulation to navigate safely through dense
fog. By taking bearings on two known lighthouses and applying spherical trigonometric
principles, the crew pinpointed their position, avoiding dangerous reefs and ensuring a
safe return to port.
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The applications of spherical trigonometry in marine navigation are diverse and
essential for accurate and efficient maritime travel. Despite advancements in technology,
the fundamental principles of spherical trigonometry remain relevant, providing a
reliable mathematical foundation for various navigational techniques. However, practical
challenges, such as the need for accurate measurements and the effects of atmospheric
refraction, can impact the application of spherical trigonometry in navigation.
Addressing these challenges requires continuous training and the integration of modern
technologies with traditional methods. The case studies illustrate the vital role of
spherical trigonometry in marine navigation. Great circle sailing, celestial navigation,
distance and bearing calculations, and coastal triangulation are essential applications that
ensure accurate route plotting and position determination. These techniques enhance
navigational safety, efficiency, and precision, underscoring the significance of spherical
trigonometry in the maritime industry.

CONCLUSION

The application of spherical trigonometry in marine navigation remains a critical area of
study and practice. Spherical trigonometry is indispensable in enabling navigators to
solve complex problems associated with the Earth's curvature, underpinning techniques
such as celestial navigation, great circle sailing, and course-plotting. Through practical
case studies, this article demonstrates its real-world applications, highlighting its
importance in achieving accurate and reliable navigation. Despite technological
advancements in navigation tools and systems, the principles of spherical trigonometry
continue to ensure accurate and efficient maritime travel, maintaining and improving the
safety and efficiency of marine navigation. Future research can explore advancements in
navigation technology and their integration with spherical trigonometry to further
enhance maritime travel.

RECOMMENDATIONS

Given the findings of this paper, it is recommended that:

1) Maritime Training Institutions should provide comprehensive training on
spherical trigonometry, ensuring that navigators have a strong foundation in these
principles to complement modern navigation technologies.

2) Government institutions should encourage the development of advanced
navigation software that incorporates spherical trigonometry algorithms to
improve route planning and accuracy in real-time navigation.
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3) Promote research on how spherical trigonometry can be better integrated with
GPS and other electronic navigation systems to enhance their precision,
particularly in challenging maritime environments.

4) Maritime training institutions include practical exercises and simulations in
navigator training programs that specifically focus on solving navigation
problems using spherical trigonometry.

5) Maritime regulatory bodies should consider updating their guidelines to ensure
that spherical trigonometry remains a required competency for certified
navigators, emphasizing its ongoing relevance despite technological
advancements.

6) There should be collaborations between academic institutions, maritime
organizations, and technology companies to develop new tools and methods that
leverage spherical trigonometry for improved maritime navigation.

By focusing on these areas, we can ensure that the valuable principles of spherical
trigonometry continue to play a pivotal role in the safe and efficient navigation of our
oceans.
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